Let (H, R) be a finite dimensional quasi-triangular Hopf algebra over an algebraically closed field k of characteristic zero. In this paper, we give the structure of irreducible objects of the Yetter-Drinfeld module category H H YD. Let H R be the Majid's transmuted braided group of (H, R), and W be an irreducible left subcomodule of H R . We prove the Yetter-Drinfeld submodule D of H generated by W is an irreducible object of H H YD, and is a subcoalgebra of H R as well. We define the R-adjoint-stable algebra of W to be the algebra N W = W * D (H ⊗ W ) , on which there is also a natural H-comodule algebra structure. We prove for any simple left N W -module U, the
Introduction
Yetter-Drinfeld modules over a bialgebra were introduced by Yetter [28] in 1990. For any finite dimensional Hopf algebra H over a field k, Majid [14] identified the Yetter-Drinfeld modules with the modules over the Drinfeld double D(H cop ) by giving the category equiva-
If k is algebraically closed of characteristic zero and H = kG is the group algebra of a finite group G, then the irreducible modules over D (H) is completely described in [6] and independently in [10] . For any g ∈ G, let C (g) = {h ∈ G | hgh −1 = g} be the centralizer subgroup of g in G. If U is an irreducible module of kC (g), then H ⊗ kC(g) U is an irreducible module in H H YD, where f (h ⊗ u) = f h⊗u and ρ (h ⊗ u) = hgh −1 ⊗h⊗u (∀f, h ∈ G, u ∈ U).
All the irreducible modules in
H H YD can be constructed in this way. For detail, one can refer to [6] .
A natural question arises. Can we construct all the irreducible Yetter-Drinfeld modules in H H YD for a more general Hopf algebra H? It might be a difficult problem to classify all the Yetter-Drinfeld modules over general Hopf algebras. For factorizable Hopf algebras, this question was studied by Reshetikhin and Semenov-Tian-Shansky [19] in 1988, where they proved that the Drinfeld double of any finite dimensional Hopf algebra is factorizable; and if a finite dimensional Hopf algebra H is factorizable, then as Hopf algebras the Drinfeld double D (H) is isomorphic to a twist of H ⊗ H. Therefore, the Yetter-Drinfeld modules can be constructed consequently. For a semisimple Hopf algebra H over a field k of characteristic zero, Tsang and Y. Zhu [25] in 1998 showed that D (
D (H)) is isomorphic to D (H) ⊗ D (H) as algebras. Thus all the irreducible modules of D (D (H)) are tensor products of two irreducible D (H) modules, if
further that k is algebraically closed. In 2001, Schneider [20] proved that H is factorizable if and only if the double D (H) is isomorphic to a twist of the tensor product H ⊗ H.
In this paper, we devote ourselves to the structure of Yetter-Drinfeld modules of a semisimple quasi-triangular Hopf algebra H over an algebraically closed field of characteristic zero.
We will give a characterization of all the irreducible modules in H H YD. Let k be an algebraically closed field of characteristic zero and (H, R) is a finite dimensional semisimple quasi-triangular Hopf algebra over k. Let H R be Majid's ( [13] 
We define the R-adjoint-stable algebra 
as Yetter-Drinfeld modules, and W This paper is organized as follows. In Section 2, we recall the Majid's construction of the transmuted braided group H R , and present some more properties for H R . In Section 3, inspired by the ideas of finite group algebras, we decompose H ∈ H H YD into a direct sum of irreducible objects, and develop a similar theory for quasi-triangular Hopf algebrȧ (Theorem 3.18) . In Section 4, we discuss the case when D contains a grouplike element, and apply our main results to the neither commutative nor cocommutative 8-dimensional semisimple Hopf algebra H 8 .
Throughout this paper, k is a field and all vector spaces are over k. The tensor and Hom are taken over k if not specified. We will use the Sweedler's sigma notation [23] for coproduct and coaction: ∆ (h) = h (1) ⊗h (2) and ρ (m) = m 0 ⊗m 1 for right comodules
For a subset X of a vector space, we use spanX to denote the linear subspace spanned by X. Our references for Hopf algebras are [23, 16] .
The Transmuted Braided Group
Let (H, m, u, ∆, ε, S) be a Hopf algebra. Recall that a left-left Yetter-Drinfeld H-module V is both a left H-module and a left H-comodule, satisfying the condition 
H ⊗ H is an invertible R-matrix, such that
3)
where where
Throughout this paper, we assume that H is a quasi-triangular Hopf algebra with Rmatrix R, and consider the left-left Yetter-Drinfeld modules, unless otherwise stated. We use R i = R (i = 1, 2, . . .), when more than one R are used.
For a quasi-triangular Hopf algebra (H, R) , Majid defined a transmuted braided group H R , which is a cocommutative Hopf algebra in the braided tensor category H M. For detailed definition of H R , one can refer to [13] . In this section, we will use the explicit coalgebra expression of H R , to yield a construction of irreducible Yetter-Drinfeld modules.
Write the left adjoint action of H on itself by
Definition 2.1 ( [13] ). Let (H, R) be a quasi-triangular Hopf algebra. Then there is a Hopf algebra H R in the braided tensor category H M, defined as follows. H R = H as an algebra, and the H-module action is · ad . The comultiplication and antipode is defined by
for all h ∈ H. This H R is called the transmuted braided group of (H, R) .
To avoid confusion, we write
that is, for all h, a ∈ H, 
for all h ∈ D. Therefore we have also ∆ R (D) ⊆ D ⊗ H, and so D is a subcoalgebra of
for all h ∈ H, v ∈ V . Then (2.8) guarantees that ρ R is a coaction.
Corollary 2.5. Let (H, R) be a quasi-triangular Hopf algebra with a bijective antipode S.
is the left H R -comodule, with trivial coaction on the left tensorand H. 
For the coalgebra H R , we have a similar result. Set u = (SR 2 ) R 1 to be the Drinfeld
Proposition 2.6. Let (H, R) be a quasi-triangular Hopf algebra with bijective antipode. Then
In particular, if H is unimodular and
Proof. Since Λ ∈ l H , for any h ∈ H,
and
Hence,
On the other hand, by (2.2)
Notice that
(2.12) with (2.13), we get the first part of this proposition. As illustrated by Drinfeld [8,
Su is in the center of H. Therefore, if H is unimodular and
Let (H, R) be a finite dimensional quasi-triangular Hopf algebra, andS denote the composite inverse of S. We end this section by proving that if H is cosemisimple and unimodular, then the transmuted braided group H R is cosemisimple. Several basic results are first listed below.
Let H R * = (H * , * R , ε) be the convolution algebra of H R . By (2.6), 14) where ↼ ↼ denotes the right H-coadjoint action on H
Lemma 2.7 ([18, Theorem 3]). Let λ be an integral of H * , then for any h ∈ H,
, and u, a,η are the elements previously given. Then
Proof. By Lemma 2.7,
We get
Clearly, H R is cosemisimple if and only if H R * is semisimple. We will show that the e R in Lemma 2.8 is a separable idempotent of H R * , provided that H is cosemisimple and unimodular.
Proposition 2.9. Let (H, R) be a finite dimensional quasi-triangular Hopf algebra, and H is cosemisimple and unimodular. Let λ be an integral of H * which satisfies λ, 1 H = 1,
Then H R * is semisimple and e R is a separable idempotent, i.e.
1)
Proof. Part 1) follows immediately by (2.14). Since H and H * are unimodular, it is clearly
By a result of Lyubashenko [12] 
Irreducible Yetter-Drinfeld Modules
Throughout the rest part of this paper, we assume that k is algebraically closed of characteristic zero, and (H, R) is a finite dimensional semisimple quasi-triangular Hopf algebra over k. Thus, by the work of Radford and Larson (see [11, Theorem 3] ) H is cosemisimple, and
(see [17] ). Thus the Yetter-Drinfeld module category H H YD is semisimple. In the rest of this section we generalize the structure theorem for the irreducible objects in kG kG YD to the irreducible objects in
To start, we let W be any irreducible left subcomodule of H R , and first find and define the R-adjoint-stable algebra N W for W , instead of an element g ∈ G and the group algebra of the centralizer subgroup C (g) as in the case when H = kG.
By Lemma 2.3, the Yetter-Drinfeld module structure of H ∈ H H YD can be formulated by using the H R -coaction ∆ R and the H-action · ad . Since H H YD is semisimple, Let W be a minimal left subcomodule of (
Then by (2.8) 
Then "∼" defines an equivalence relation on the set of simple left subcomodules of (H R , ∆ R ).
For simple subcoalgebras C and C ′ of H R , we say C and C ′ are conjugate if H· ad C = H· ad C ′ , or equivalently, the simple left subcomodules of C and C ′ are conjugate.
Let {W 1 , . . . , W r } be a complete set of representatives for the equivalence classes. Then
H is decomposed into a direct sum of irreducible Yetter-Drinfeld submodules,
An irreducible Yetter-Drinfeld submodule of H is also called a conjugacy class of H. This notion of the conjugacy class for semisimple Hopf algebras was introduced by Cohen and Westreich via primitive central idempotents of character algebra [3, 4, 5] .
If H = kG is the group algebra of a finite group G, and R = 1 ⊗ 1, then H R = H. Hence {kg | g ∈ G} are all the simple subcomodules of H R . For g, h ∈ G, kg ∼ kh in H R if and 
we define the product of x and y via
It is easy to show that
associative algebra with the identity element 
is the linear space spanned by the left coset xC (g) of the centralizer subgroup C (g) = {h ∈ G | hgh −1 = g}. In particular, the R-adjoint-stable algebra N kg = kC (g) .
and H R -coaction
Proof. The proof of 1) is routine. If we have 1) and 2), then 3) is direct by Lemma 2.3. Thus it remains to prove 2). For all h ∈ H, w ∈ W, y = 
to be the subcoalgebra of (H R , ∆ R ). In addition, V can be viewed as a left D V -comodule naturally.
Proof. By Lemma 2.3, it is suffices to show H · ad D ⊆ D. For any v ∈ V, v * ∈ V * , and 
are Yetter-Drinfeld submodules of V . Since V is irreducible, we may assume that
Let V be an irreducible module in H H YD, and W be a nonzero finite-dimensional left
the left N W -action is well-defined. The associativity is obvious. By Proposition 3.2, (H
Let D be an irreducible Yetter-Drinfeld submodule of H. By (2.15) ↼ ↼ yields a right H-module algebra structure on (D * , * R ) -the convolution algebra of (D, ∆ R ). So D * is a left H * -comodule algebra with the H * -coaction induced by "↼ ↼".
Let V be an object of H H YD. Consider the left H * -coaction on V induced by the right Proof. For all h ∈ H, v ∈ V, as D V is a subcoalgebra of H R and by Lemma 2.3,
Evaluating f ∈ D V * on the first tensorand, we have
Since h, f are arbitrary, then
Recall that an H-(co)module algebra (H-module coalgebra, resp.) is called H-simple
if it has no non-trivial H-(co)stable ideal (H-stable subcoalgebra, resp.). Let D be an The following result due to Skryabin will be used quite frequently. 
Proof. By Proposition 2.9 the coalgebra H R is cosemisimple. Then D is cosemisimple, thus D * is semisimple. Since D * is a left H * -simple comodule algebra, by Lemma 3.5 and 3.6, there exists some (s,
On the other hand,
Corollary 3.8. Let D be an irreducible Yetter-Drinfeld submodule of H, and W, W ′ be finite
The equality is deduced directly by Proposition 3.7.
In 
Then L is an injective algebra map. Consider H ⊗W as an A-module via a·(h ⊗ w) = a −1 ⇁ h⊗a 0 w.
Then the Yan-Zhu's stabilizer of the A-modules U and W is [27] 
In particular,
Proof. For finite dimensional vector space U, V, one usually identifies U * ⊗V with Hom (U, V )
Since L is injective, Stab D * (W ′ * , W * ) can be identified with a subspace of H ⊗ W ′ ⊗ W * .
, and clearly it preserves the composition (multiplication). 
is semisimple, and hence N L is semisimple. Thus by the following lemma given in [26] , N L is an H-simple comodule algebra. 
Proof. We first prove that N W ∼ = M n (N L ). There exist natural comodule projection p j :
It is routine to check that Φ preserves H-comodule algebra structures and Φ is clearly surjective. By counting the dimensions as in Corollary 3.8 we have dim
then Φ is bijective. Therefore N W is H-simple by Lemma 3.10.
For any simple subcoalgebra C of D, there exists an irreducible left C-comodule (and
Corollary 3.13. Let C be a simple subcoalgebra of H R and
and is H-simple. 
It is well-defined as we can see in the following. 
so ϕ W is well-defined.
Then ϕ W is a D V -comodule map, and it's easy to see that ϕ W is an H-module map, hence a Yetter-Drinfeld module map. It remains to prove ϕ W is surjective. By Proposition 3.7,
Without loss of generality, we may assume that w * 1 , . . . , w * n are linearly independent. We show that U = span {v 1 , . . . , v n } is a D V -subcomodule of V . Let {w 1 , . . . , w n } ⊆ W be the dual basis of {w * 1 , . . . , w * n }. Then for each 1 ≤ i ≤ n,
So HU is a Yetter-Drinfeld submodule of V . Since V is irreducible, V = HU, and the result follows.
To present a structure for irreducible V ∈ H H YD, we also need to know when ϕ W is an injection. The following theorem is one of the main result of this paper. 
Proof. By Proposition 3.12, N W is an H-simple comodule algebra. Observe that H ⊗ W ∈ M H N W with H-coaction via ∆ ⊗ 1. By Lemma 3.6, there exists some (s, t) ∈ N + × N + , such
s as right N W -modules. Then by Corollary 3.8,
On the other hand, as a linear space
Then by Proposition 3.7,
Since by Lemma 3.14 Proof. Let U be any nonzero N W -submodule of W *
s as right N W -modules, so H ⊗ W is a faithful right N W -module. Therefore, X = 0, and thus
Conversely, starting with an irreducible subcomodule L of H R , for an n ∈ N + , we fix W = L n . We will see that each irreducible left N W -module U determines an irreducible
Yetter-Drinfeld module. 
Then we have an isomorphism
. This is to say that V is irreducible.
Theorem 3.18. Let Ω = {W 1 , . . . , W r } be a complete set of representatives for the equivalence classes determined by "∼" in (3.1). For each 1 ≤ i ≤ r, let C i be the simple subcoalgebra of H R containing W i , and set Γ = {C 1 , . . . , C r } . 1) Then for any W ∈ Ω (C ∈ Γ, resp.) and any irreducible left N W -module (N C -module,
resp.), for some W ∈ Ω (C ∈ Γ, resp.) and an irreducible left N W -module (N C -module, resp.) U.
3) As Yetter-Drinfeld modules, (H
Proof. Part 1) and 2) follow immediately from Theorem 3.15 and Proposition 3.17. Let 
The mapσ is well-defined and bijective, since σ is a left
Soσ is a left N W -module isomorphism. By the proof of Proposition 3.17, Then for any irreducible N W -module U,
Especially, N W is an algebra over which the dimension of each irreducible left N W -module divides the dimension of N W . Proof. Let {c i,j | 1 ≤ i, j ≤ m} be a comatrix basis of C. Take a basis 
Note that for any 1 ≤ i ≤ m, the map
The claim is proved.
Applications and Examples
Let D be an irreducible Yetter-Drinfeld submodule of H. Furthermore we assume that D contains a grouplike element g ∈ G (H R ). We now apply our main results to this case in this section.
Then C = kg is a simple subcoalgebra of D, and
is a right coideal subalgebra of H. It follows from Corollary 3.8 that
Take a left N kg -module U, the structure on H ⊗ N kg U given by 6, 10, 1] ). Let G be a finite group. For g ∈ G, denote by C (g) = {h ∈ G | hgh −1 = g} the centralizer subgroup of g and by C g the conjugacy classes of g.
The comodule structure on M (g, U) is given by
which makes M (g, U) into an irreducible object of Proof. Let V = kv be a 1-dimensional Yetter-Drinfeld module in H H YD, then as a left H Rcomodule, ρ R (v) = g ⊗ v, for a grouplike element g ∈ G (H R ) . By definition, D V = kg is adjoint-stable, hence g ∈ Z (H) . Moreover, ρ (g) = gR 2 ⊗ R 1 · ad g = g ⊗ g, i.e. g ∈ G (H) . semisimple Hopf algebra constructed in [15] , which is generated as algebra by x, y, z with relations x 2 = y 2 = 1, z 2 = 1 2 (1 + x + y − xy) , xy = yx, zx = yz, zy = xz.
Its coalgebra structure and antipode is determined by ∆ (x) = x ⊗ x, ∆ (y) = y ⊗ y,
ε (x) = ε (y) = ε (z) = 1, S (x) = x, S (y) = y, S (z) = z.
One checks that H is a quasi-triangular Hopf algebra with R-matrix
We first compute the coalgebra structure ∆ R of the transmuted braided group H R , and get ∆ R (x) = x ⊗ x, ∆ R (x) = y ⊗ y, ∆ R (xy) = xy ⊗ xy, ∆ R (z) = 1 2 (z ⊗ z + z ⊗ yz + yz ⊗ z − yz ⊗ yz) , ∆ R (yz) = 1 2 (yz ⊗ yz + yz ⊗ z + z ⊗ yz − z ⊗ z) , ∆ R (xz) = 1 2 (xz ⊗ xz + xz ⊗ xyz + xyz ⊗ xz − xyz ⊗ xyz) , ∆ R (xyz) = 1 2 (xyz ⊗ xyz + xyz ⊗ xz + xz ⊗ xyz − xz ⊗ xz) .
Hence, H R is cocommutative. The simple subcoalgebra decomposition of H R is
where g j (j = 1, 2, 3, 4) are grouplike elements of H R . More precisely, let i = √ −1, we have
We compute that H · ad x = kx ⊕ ky, H · ad g 1 = kg 1 ⊕ kg 2 , H · ad g 3 = kg 3 ⊕ kg 4 .
Then D that dim N kx = dim N ky = dim N kg j = 4. Clearly, {1, x, y, xy} ⊆ N kx , so N kx = N ky = span {1, x, y, xy} ∼ = kZ 2 × kZ 2 . To determine N kg 1 , note that x · ad g 1 = y · ad g 1 = g 2 . Besides, we compute that
Since N kg 1 is a right coideal of H, suppose that h = az + bxz + cyz + dxyz ∈ N kg 1 , where a, b, c, d ∈ k. Using the identity h (1) · ad g 1 ⊗ h (2) = g 1 ⊗ h, by calculation we have b = ia, c = id and thus N kg 1 = N kg 2 = span {1, xy, z + ixz, iyz + xyz} . Similarly, N kg 3 , N kg 4 can be determined by N kg 3 = N kg 4 = span {1, xy, iz + xz, yz + ixyz} . Because N kg i is 4-dimensional semisimple algebra and contains at least two central elements 1, xy, N kg j is commutative.
Then N kg 1 = N kg 2 = ke 1 ⊕ ke 2 ⊕ ke 3 ⊕ ke 4 , where 
